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Abstract

Background: Dependence on methamphetamine remains one of the major health and social problem in the West-
ern Cape province of South Africa. We consider a mathematical model that takes into account two forms of rehabilita-
tion, namely; inpatient and outpatient. We examine the trends of these two types of rehabilitation. We also seek to
investigate the global dynamics of the developed methamphetamine epidemic model.

Methods: The model is designed by likening the initiation process to an infection that spreads in a community

through interactions between methamphetamine users and non-users. We make use of Lyapunov functions obtained
from a suitable combination of common quadratic and Volterra-type functions to establish the global stability of the
methamphetamine-persistent steady state. The least squares curve fit routine (Isqcurvefit) in Matlab with optimization

is used to estimate the parameter values.

Results: The model analysis shows that the model has two equilibria, the methamphetamine free equilibrium and
the methamphetamine persistent equilibrium, that are both globally stable when the threshold Rq < 1Tand R4 > |,
respectively. Upon fitting the model to data on drug users under rehabilitation, parameter values that give the best fit
were obtained. The projections carried out the long term trends of these forms of rehabilitation.

Conclusion: The results suggest that inpatient rehabilitation programs have an increased potential of enhancing the

chances of recovery for methamphetamine addicts.

Keywords: Methamphetamine, Reproduction number, Inpatient rehabilitation, Outpatient rehabilitation,

Least squares curve fitting

Background

The methamphetamine abuse problem and its conse-
quences to communities in the Western Cape province
present a complex scenario that drives sexually transmit-
ted infections morbidity, mortality and heavy budgetary
constraints. For example in South Africa over R20 billion
is used annually, in treating drug users, cracking down
drug traffickers and in prevention and media campaigns
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[1]. In the Western Cape Province of South Africa, the
rising demand for substance abuse services and calls by
communities for additional services has led to the Pro-
vincial Department of Social Development allocating
additional resources to the prevention and treatment
of substance use disorders (SUD’s). However, planning
around the allocation of these resources has been ham-
pered by several informational barriers. Decision makers
within the Western Cape Department of Social Develop-
ment (DOSD) do not have adequate information on the
nature and extent of substance abuse in the province, the
extent to which there is unmet substance abuse service
needs, where these unmet needs are greatest, and which
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population subgroups have relatively high unmet needs
[2]. There is therefore need for extensive research into
methamphetamine abuse trends for the development
of public policies and focused correctional services to
decrease the gang populations.

Recently, many researchers have drawn a lot of scholar-
ship from infectious diseases modelling with the aim of
describing drug abuse spreading like an infectious disease
[3-5]. Typical examples are models designed for heroin
epidemics [12-15], peer influence [6—9] and the spread
of alcoholism [10, 11]. Mathematical models can contrib-
ute to the understanding of the various aspects of meth-
amphetamine use and are very useful in determining how
prevalent drug use is. They can even help in designing
and choosing proper interventions by providing a means
of integrating data from different sources, describing a
process to increase understanding and simulating policy
experiments that are cuambersome in real life [16—18].

There are two primary forms of rehabilitation for meth-
amphetamine addiction namely; inpatient and outpa-
tient rehabilitation [19]. Rehabilitation helps individuals
to improve their function, mobility, independence and
quality of life. It helps individuals live fully regardless of
impairment. It helps people who are living with various
health conditions to maintain the functioning they have
[20]. Inpatient methamphetamine rehabilitation provides
an addict a place to live and at the same time providing 24
h support and treatment. Outpatient methamphetamine
rehabilitation allows users to reside at home and come to
the treatment center on a regular basis [19] (Figs. 1, 2).

Mathematical models on drug abuse that have been
developed so far, have unified rehabilitation, see for
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Fig. 1 Model flow diagram. Schematic diagram showing the move-
ment of humans as their status with respect to drug use changes
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Fig. 2 Model system Egs. (2)-(5) fitted to data for individuals under
inpatient rehabilitation in Cape Town. The blue circles indicate the
actual data and the solid red line indicates the model fit to the data.
The percentages are not of all users, but of those in rehabilitation.
From the second half (July-December) of the year 2008 back to
the first half (January—June) of the year 2000, more than half of the
patients admitted in the treatment centers of Cape Town were
treated on an inpatient basis. It shows a decline in the proportion of
drug users treated under inpatient rehabilitation programs in Cape
Town, see also Fig. 6. This decline, might be a result of retarding
economic situation or expensive costs associated with inpatient
rehabilitation centers. Also, due to the fact that inpatient rehabilita-
tion programs are formally 24 h programs, some people would prefer
outpatient rehabilitation programs to allow them to work for their
families whilst receiving treatment. It demonstrates a good fit to the
data from Table 1

Proportion of drug users under inpatient rehab

instance [14, 15, 21, 31]. In this paper, we develop a math-
ematical model that takes into account both inpatient
and outpatient forms of rehabilitation. Our aim is to
examine the trends of these two types of rehabilitation.
We also seek to investigate the global dynamics of the
developed methamphetamine epidemic model. We ana-
lyze the global stability of the model equilibria and fit the
model to data on these two forms of rehabilitation.

The paper is arranged as follows; in Sect. “Methods’,
we formulate and establish the basic properties of the
model. The model is analysed for stability in Sect. “Model
analysis” Parameter estimation and projection graphs are
given in Sect. “Results and discussion” Numerical results
are also presented in this section. The paper is concluded
in Sect. “Conclusions” (Figs. 3, 4).

Methods

Model formulation

The dynamics of inpatient and outpatient rehabilita-
tion are modelled by considering the human popu-
lation divided into four distinct compartments. The
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Fig. 3 Estimated incidence of methamphetamine abuse using data
for inpatient rehabilitants in Cape Town. Our estimated incidence of
methamphetamine abuse, evaluated using the initiation function 45,
is observed to be generally decreasing over the modeling period

Proportion of drug users in outpatient rehab
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Fig. 4 Model system Egs. (2)-(5) fitted to data for individuals under
outpatient rehabilitation in Cape Town. The blue circles indicate the
actual data and the solid red line indicates the model fit to the data.
The percentages are not of all users, but of those in rehabilitation.
Starting from the second half (July-December) of the year 2008 up to
the first half (January—June) of the year 2013, the majority of patients
in specialist treatment centres of Cape Town were now being treated
on an outpatient basis. It shows a good fit to the data from Table 1

compartments comprise of S denoting the population at
risk of being initiated into methamphetamine abuse, U
those initiated into methamphetamine abuse, Ty those in
rehabilitation as out-patients and 7; those in rehabilita-
tion as in-patients. Here, all susceptible individuals range
from age 15-64 years. The total human population is
thus given by

N=S+U+Ty+ T
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We assume that individuals in each compartment are
indistinguishable and there is homogeneous mixing. Sus-
ceptible humans enter the population through births or
immigration at a rate Il. Susceptible individuals are ini-
tiated into methamphetamine use following interaction
with individuals using drugs. We assume an initiation
function that is analogous to the force of infection for
epidemic models. Thus, the per capita contact rate 8 is
a product of the effective number of contacts ¢, between
methamphetamine users and the susceptible population,
and the probability j, that a contact results into initia-
tion into methamphetamine use, that is, 8 = ¢B. A frac-
tion U/N of the contacts is with those drug users not in
rehabilitation and the average number of potential con-
tacts resulting in susceptible individuals becoming meth-
amphetamine abusers is U /N. Also, a fraction To/N of
the contacts is with individuals under outpatient reha-
bilitation. The average number of potential contacts of
each susceptible individual with individuals in outpatient
rehabilitation is 8nTy/N. The parameter n measures the
relative ability for individuals in outpatient rehabilitation
to initiate new methamphetamine users. Assuming that
the rate at which individuals in outpatient rehabilitation
recruit initiates is lower than that for drug users not in
rehabilitation, we have, 0 < 1 < 1. This is due to the fact
that individuals in outpatient rehabilitation will be receiv-
ing some form of counselling and therapy to aid them in
quitting drug abuse. Such counselling may lead them to
discourage susceptible individuals into becoming meth-
amphetamine abusers. This done by raising awareness on
the dangers associated with problematic drug use. Here,
we make an assumption that individuals under inpatient
rehabilitation cannot produce new initiates due to the
fact that, they do not come in contact with the general
population during the rehabilitation process. The total
number of relevant contacts gives the initiation function,

u T

Upon being initiated into methamphetamine use, a sus-
ceptible individual moves into the compartment U, of
methamphetamine abusers. Upon realizing the demoral-
izing consequences related to methamphetamine abuse,
individuals in the compartment U seek help via reha-
bilitation programs. We consider two primary types of
rehabilitation programs, namely; inpatient and outpa-
tient forms of rehabilitation. Here, we define the effec-
tiveness of these rehabilitation programs to be, “the
measure of the benefits and changes in the functioning
of an individual acquired during the period when he/
she was under treatment”. The effectiveness of rehabilita-
tion programs is measured by the parameter ¢. If ¢ = 0,
then the rehabilitation programs are not effective,
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e =1 corresponds to completely effective rehabilita-
tion programs, while 0 < ¢ < 1 implies that rehabilita-
tion programs will be effective to some degree. Amongst
individuals in compartment U who are seeking help
through rehabilitation, we have that a proportion p of
these individuals are recruited into inpatient rehabilita-
tion facilities and the complementary proportion (1 — p)
are recruited into outpatient rehabilitation. The rate at
which methamphetamine users are recruited into reha-
bilitation (inpatient or outpatient) is given by o. Once
an individual is in the rehabilitation phase, he/she can
either quit permanently, relapse into methamphetamine
use or die. Individuals experience natural death at a rate
u. The rate at which individuals under outpatient reha-
bilitation quit methamphetamine abuse permanently
is represented by §p and the rate at which those under
inpatient rehabilitation quit methamphetamine abuse
permanently is represented by §;. Individuals undergoing
outpatient rehabilitation relapse into methamphetamine
use at a rate p; and individuals in inpatient rehabilitation
facilities relapse into methamphetamine use at a rate py.
Substance abusers undergoing outpatient rehabilitation
continue to keep contact with people and circumstances
that trigger addiction whereas substance abusers under-
going inpatient rehabilitation are completely immersed
in the program and separated from the lifestyle and hab-
its that supported drug use, thus, relapsing may be more
likely for outpatient rehabilitants as compared to inpa-
tient rehabilitants. We can safely assume that py < p1.
Individuals under inpatient rehabilitation programs can
move to outpatient rehabilitation programs at a rate y».
This movement may be as a result of some individuals
failing to cope up with the higher costs usually associ-
ated with inpatient rehabilitation and thereby forcing
them rather to seek help through outpatient rehabilita-
tion which is generally cheaper. This movement might
also be as a result of noted recovery to some individuals,
who if discharged can still fully recover whilst residing
at home. The rate at which individuals under outpatient
rehabilitation move to inpatient rehabilitation facilities is
given by y;. This movement can be due to the fact that
some individuals under outpatient rehabilitation might
want to take full advantage of all the resources available
in treatment, such as personal therapy, group therapy,
educational classes on addiction as well as job skills and
other related support structures in order to quicken their
recovery process. So this in turn will lead them to seek
help from inpatient rehabilitation facilities.

The description of the model formulation and the
model diagram lead to the following set of nonlinear
ordinary differential equations together with the initial
conditions (Figs. 5, 6):
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Fig. 5 Estimated incidence of methamphetamine abuse using data
for outpatient rehabilitants in Cape Town. Our estimated incidence of
methamphetamine abuse, evaluated using the initiation function 1S,
is observed to be decreasing sharply from the first half of the year
2000 down until the second half of the year 2002. It then suddenly
increases from about 9 % in the year 2003 reaching an estimated
incidence of 13 % in the second half of 2008, after which it steadily
decreases until the first half of the year 2013
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Fig. 6 Estimation of the proportions of inpatient rehabilitants relative
to outpatient rehabilitants in Cape Town projected over 5 more years.
It demonstrates the changes of the ratio of inpatient rehabilitants to
outpatient rehabilitants over the modelling time and projects these
changes over a period of 5 years. The graph shows a steady decrease
in the proportion inpatient rehabilitants coupled with an increase
in the proportion of outpatient rehabilitants. The reason for the
decrease is similar to the one used to for Figs. 2 and 3
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Model analysis
Model properties

Positivity of solutions

We now consider the positivity of model system Egs.
(2)-(5). We prove that all the state variables remain non-
negative and the solutions of model system Eqs. (2)—(5)
with positive initial conditions will remain positive for all
¢t > 0. We thus state the following theorem (Figs. 7, 8).

Theorem 1 Given that the initial condi-
tions of model system Egs. (2)-(5) are S(0) >0,
U) >0, To(0) >0 and T;00) >0. There exists

(S, U(t), To(®), Ti(®)) : (0,00) — (0,00) which solve

the model system Egs. (2)—(5).
Proof Assume that

Z:sup{t>0:S>O,LI>O, To > 0, T; > 0} € [0, £].

Thus £ > 0, and it follows from the first equation of
model system Egs. (2)—(5) that

¢
S(t) exp <u2+/ i(s)ds)
0

¢ i
—S(0) 2/ T exp (/ﬁ‘—{—/ A(v) dv)di,
0 0

giving

i
—<M2+/ i(s)ds)]
0
. i
—(ut—{—/ i(s)ds)]
0
¢ . i .
/ ITexp (ut—l—/ i(u)dv)dt] > 0.
0 0

S(t) > $(0) exp

+ exp

X
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Fig. 7 Model system Egs. (2)-(5) fitted to data for individuals under
inpatient rehabilitation in Cape Town and projected for 5 more years.
The blue circles indicate the actual data and the solid red line indicates
the model fit to the data. The percentages are not of all users, but
of those in rehabilitation. The proportion of patients admitted
under inpatient rehabilitation facilities in Cape Town is expected to
be decreasing for the next five years, see also Fig. 6. This projected
decrease in the proportion of inpatient rehabilitants can be an attrib-
ute of higher costs usually associated with inpatient rehabilitation
programs and as a result, few individuals will afford receiving treat-
ment at those facilities. As can be seen from the incidence curves
related to data on inpatient rehabilitants, that inpatient rehabilitation
programs have an increased potential of reducing methampheta-
mine incidence, there are fears that this decrease in the proportion
of inpatient rehabilitants will to a greater extend result to higher
prevalence rates of use observed for a long period of time

Proportion of drug users under inpatient rehab

From the second equation of model system Eqs. (2)—(5),
we obtain

e > —(n+o)l,

dt —

= U®) = Uge "Wt = .
Similarly it can also be shown that Ty(¢£) > 0 and
T;(t) > Ofor all£ > 0, and this completes the proof. [

Invariant region
Theorem 2 The feasible region G defined by
4 I1
g: (S:uyTO!Tl)ERJ,_lOSNS* ’
I
with initial conditions Sy >0, Uy >0, Too >0 and
Tio > 0 is positively invariant and attracting with respect

to model system Egs. (2)—(5) for all£ > 0.

Proof Summing up Egs. (2)—(5), we obtain that the total
population satisfies the differential equation
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Fig. 8 Estimated incidence of methamphetamine abuse using data
for inpatient rehabilitants in Cape Town and projected for 5 more
years. We also note the decreasing trend for incidence of metham-
phetamine abuse. Our estimated incidence will have decreased to

below 7 % by the year 2018
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Applying a theorem by Birkhoff and Rota [22], on differ-

ential inequalities, we have
I —ut
0 < N@#) <— +N(0eH,
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where N(0) represents the value of Egs. (2)—(5) evaluated
at the initial values of the respective variables. Taking the

I1
limit as £ — 00, we have that 0 < N < —. Thus, the state

n
variables remain biologically meaningful in the set
4 I
"

for all positive initial conditions in Ri Thus G is a posi-
tively invariant region and all solutions of Egs. (2)-(5),
with (So, Uy, Too, Tio) € R‘i remain in G for all ¢ > 0.
Therefore the w — limit set of solutions of Egs. (2)—(5) in
G are contained in G. The uniqueness, existence and con-
tinuity results hold for Egs. (2)—(5). The system is thus
mathematically and epidemiologically well-posed, see
also [4]. Our analysis will be based on the dynamics of
the solutions generated in G. O

Methamphetamine-free equilibrium and the abuse
reproduction number

In this section, we carry out stability analysis of the
methamphetamine-free equilibrium. The model has a
methamphetamine-free equilibrium given by

I1
Go = (So, Uo, Too, Tio) = (M,O,O,O),
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a scenario depicting a methamphetamine-free state in the
community or society. The abuse reproduction number
of the model, denoted R, is the average number of sec-
ondary cases generated by one drug user during his/her
duration of drug use in a population of completely poten-
tial drug users. The determination of R, through the
next generation matrix [23] method has been explored in
many papers (see for instance [24—29]). Using the same
method we have

Ra = Ru+Rr, +Rr,

where
(&) (ornrvrarm)
Ru=[2 ,
a 1— (Y + WYy + W3 + Wy + Ws5)

mn = (5) () () 1 )
n=(—|l— ]| ,
&1 2 g3 1— (V1 + Wy + W3 4 Wy + Ws)

- ()@ 1 )
fi a @ )\ 1= + 0+ W5+ wy+ W) )

with g1 = u+0o, @ = pn+y+ 1 —e)p1+do,
B =uty2+A-¢e)p2+d1,

R

\Ill — VIVZ’
083
Wy = 1-pa- 3),010,
8182
Wy = p(1 —8);020,
2183
1—
v, = p( —&)yap10 and
818283
1 =p)A —e)y1p20
Vg = ——MM————————,
818283

Here, R, is the sum of three sub-reproduction num-
bers representing the contributions of individuals in
compartments U, Ty and T; respectively. The term W is
the proportion of individuals who move back and forth
between compartments Tg and Tj, W5 is the proportion of
individuals who move back and forth between compart-
ments Ty and U and W3 is the proportion of individuals
who move back and forth between compartments 7; and
U. Interestingly, W, is the proportion of those individuals
who were once inpatient rehabilitants and have relapsed
after joining outpatient rehabilitation and lastly, ¥s is the
proportion of those individuals who were once outpa-
tient rehabilitants and have relapsed after joining inpa-
tient rehabilitation facilities. The terms W4 and W5 play an
essential role in evaluating the effectiveness of inpatient
and outpatient rehabilitation programs.

The following result follows from [23].

Theorem 3 The methamphetamine-free equilibrium
point Gy of model Egs. (2)—(5) is locally asymptotically
stable for R, < 1and unstable otherwise.
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Global stability of the methamphetamine-free steady state
We shall now prove the global stability of the metham-
phetamine-free equilibrium point Gy whenever the repro-
duction number is less than unity.

Theorem 4 The methamphetamine-free equilibrium
point Go of model Egs. (2)—(5) is globally asymptotically
stable for R, < 1and unstable if R, > 1.

Proof Let V(U,To, T;) = al + bTy + cT; be a candi-
date Lyapunov function for some non-negative constants
a, b and c. The time derivative of V'is given by

V = all + bTy + cT;
<alBU+nTo) + 1 —e)paT; + (1 —e)p1To
—qU]l+ b1 —p)ol + . T; — g To]
+clpolU + 110 —ggTi]<since 0< % < 1>
=[a(B —g1) +b(l — p)o +cpo]U
+[a(Bn+ (1 —&)p1) — by + cy1]1To
+[a(1 —&)pa + by — cg3]T;.

We now evaluate the coefficients of the suitable Lyapu-
nov function such that the coefficients of Ty and T; are
equal to zero. We thus obtain

a = 2283 — V1V2,
b=Bn+0A—-e)pg+ 1A —e)yip
c=(Bn+1A—-¢e)p1)y2 + (1 —¢&)g202.

Using these coeficients, the time derivative of the Lyapu-
nov function can be expressed as

and

av
e g18283[(1 — (W1 + W + W3 + Wy + WU5)) (R, — D]U.

av
We can deduce that — < 0 when R, < 1 with equal-

ity if R, = 1. Furthermore, — = 0 if and only if

U =Ty =T; =0. Therefore, the largest compact
av
invariant set in (S, U, Ty, T;) € G such that s = Owhen

Ra < lis the singleton Go. By Lasalle invariance principle
[30], this implies that Gy is globally stable in G if R, < 1.
We observe that the Jacobian matrix evaluated at Gy
has a positive eigenvalue whenever R, > 1. Therefore
the methamphetamine-free equilibrium is unstable if
R, > 1. This completes the proof. O

The methamphetamine persistent equilibrium point

In this section we determine the methamphetamine per-
sistent equilibrium point by first setting the left hand
side of model Egs. (2)-(5) to zero. Some easy to follow
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algebraic manipulations give the methamphetamine-per-
sistent equilibrium G* = (8%, U*, T, T;") where

. ATl
T AL+ OR,—1)
Ut = Mgog3(1 — Y1) (Ry — 1)
povs + &1 —p)Ap+OR, — 1)’
MR, — 1)

O T A+ OR,—1)
7+ — T(Ra — Dlpogrgs(1 — ¥1) + y1(poys + g5 — p)o)]

! gpoys+g3(1 —p)o)(Ap + (R, — 1))

We thus have the following result:

Theorem 5 Model system Egs. (234)—(5) has a unique

methamphetamine-persistent  equilibrium  whenever
Ra>1

The results on persistence of the model are given in
[31]. For more information about persistence of dynami-
cal systems, we refer the reader to [32-36].

Global stability of the methamphetamine-persistent
steady state

In this section, we prove the global stability of the meth-
amphetamine-persistent steady state.
that where

Theorem 6 Assume

_ __pp
A —=pp2
amine-persistent equilibrium G* of model system Egs. (2)—

(5) is globally asymptotically stable in the interior of G.

y1 = 0y
.If R4 > 1, then the unique methamphet-

Proof The global asymptotic stability of the meth-
amphetamine-persistent steady state is proved by
constructing a global Lyapunov function follow-
ing [37]. We propose the following Lyapunov func-
tion obtained from a suitable combination of com-
mon quadratic and Volterra-type functions. Define
V: {(S,U,T(),TL’)EQI S,U,T(),TL’>0}—>R1)Y

(S — §%)? u
VZTS*-{' U—U*—U*lnm
1-— Ty T
d-em E)plfk(To — T - Tgln‘i>
1-po U T}
1- TF T;
A0 TE (e ey T
This function is defined, continuous and posi-

tive definite for all S,U, Ty, T; > 0. We also observe
that V(S,U, Ty, T;) = 0 at the steady state G*. Since
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G* = (§*,U*, T§, T7) is an endemic steady state point of
model system Egs. (2)—(5), we have

M = 1*S* + uS*,

DT MNP RR  PSRP ) )
g =t A-omp+U-8ns
u* TF
& = (I—P)G?S+72?%,
ur :
g = poTT“ + Vlei*- €3]

Computing the time derivative of V(S, U, Ty, T;) along
the solution of model system Egs. (2)—(5), we obtain

. —* . - * .
V:(S S>S+<LI LI)U
S* u

1—-8)p1 Ty (TO—T3‘> .
—_— TO

(1—p)o U* To
A=) T} (T; — T} .

Using model system Eqgs. (2)—(5) and (8), it can be easily

shown that
S —S*
(IT = A8 — uS)

S—8*\.
S* S

S*
(S —§*)?
= AT
(S — 8% (S —8%)?°
— BnTo R

—B(S —SHWU - U")

— Bu(S = *)(To — T}). (10)
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Similarly, using model system Egs. (2)—(5) and (8), we can
also show that

u-u-y .
< )L[:(LI—U*)

u*
sy 4 gy TS _ TS
X [ﬂ(S S )+ﬁn< U U )(11)
_ To Iy
+@1 8)p1<u u*)}
* Ti Ti*
+U-u )[(l—e)pz<u—w>].

We also have

A—e)o1 Ty (To— Ty 7
A-po ur\ 1, )°

~ - |a-en(L-L
TR P\, T T

Ty A-ep (Ti T}
20y | S0P (20 S|
+LI*( 0 0)[(1—19)0 2\ 7, T;

(12)

and

(1—¢e)p E T; — Tl‘* T
po u* T; '

T : " u ut
= a(Tz - Ti){(l —8)/02<Ti - 71*)}

T A-e)p2 (To Tj
LT =Ty | 2, (22 - 20,
T T )[ o N\T T T

(13)
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Adding expressions (10), (11), (12) and (13) gives
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T, - T}

(S8, (U-U\. (A-op T}
V_< s >S+< u >U+<1—p>ou*
— Ao — Bn(S — §")(To — Tg) + (U — u*)<

ToS

u
T*)(u v
N1 T}

T3
+ ﬁ(l —&)p1(To —

Ty — T§ T+(1—8)P2£f ;
T() 0 po u*

T
T; )’
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Fig. 9 Model system Egs. (2)-(5) fitted to data for individuals under

outpatient rehabilitation in Cape Town and projected for five more

years. The blue circles indicate the actual data and the solid red line

indicates the model fit to the data. The proportion of patients admit-

ted under outpatient rehabilitation facilities in Cape Town is likely

to continue increasing for the next five years, see also Fig. 6. The

percentages are not of all users, but of those in rehabilitation
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Fig. 10 Estimated incidence of methamphetamine abuse using
data for outpatient rehabilitants in Cape Town and projected for five
more years. The estimated incidence of methamphetamine abuse is
expected to gradually decrease for the next five years down to below

11.5% by the year 2018

Results and discussion

Numerical simulations

Data

In this section we present an application of our model
through fitting the model data on rehabilitation from
the Medical Research Council’s (MRC’s), South Afri-
can Community Epidemiology Network on Drug Use
(SACENDU) project [40]. We fit the model system Egs.
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(2)-(5) to data for individuals under inpatient and outpa-
tient rehabilitation in Cape Town. We use data in Table 1
which was collected by the SACENDU for individuals
who were admitted on inpatient and outpatient forms of
rehabilitation in Cape Town.

While inpatient and outpatient rehabilitation programs
may have similar components, they can have very differ-
ent long-term outcomes and success rates. Statistics on
success rate of substance abuse rehabilitation programs
vary widely [39] and depend on a variety of factors, such
as, the extent and nature of the patient’s problems, the
appropriateness of treatment and related services used
to address those problems, and the quality of interaction
between the patient and his or her treatment providers.

Parameter estimation

We make use of Matlab programming language to esti-
mate model parameters used in our numerical simulations
and to analyze existing trends on inpatient and outpatient
forms of rehabilitation. The model parameters that we use
for numerical simulations are in Table 2. We make use of
curve fitting, which is a process that allows us to quanti-
tatively estimate the trend of the outcomes. The curve fit-
ting process fits equations of approximating curves to the
raw field data. Nevertheless, for a given set of data, the fit-
ting curves of a given type are generally not unique. Thus,
a curve with a minimal deviation from all data points is
desired. This best-fitting curve can be obtained by the
method of least squares. The least squares curve fit routine
(Isqcurvefit) in Matlab with optimization is used to esti-
mate the parameter values. Many parameters are known
to lie within some intervals. During the estimation of
parameter values, a Matlab code is used where unknown
parameter values are given a lower and upper bound from
which the set of parameter values that provide the best
fit are obtained. The intervals used and a few parameters
obtained from literature are given in Table 2.

Conclusions

In this paper, we designed a model that incorporates
inpatient and outpatient rehabilitation of methampheta-
mine addicts to study the dynamics of methamphetamine
abuse in Cape Town of South Africa. The reproduction
number was derived and qualitatively used to investigate
the stability of equilibrium states and the prevalence of
methamphetamine abuse. The methamphetamine-free
equilibrium point is shown to be globally asymptoti-
cally stable whenever the reproduction number is less
than unity. Thus, methamphetamine abuse can be elimi-
nated if control strategies are put in place and efforts
are directed toward reducing the threshold number to a
value less than unity. With the aid of a Lyapunov func-
tion obtained from a suitable combination of common
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Table 1 Treatment type received for the period 1999a to 2013a (%)

Year 1999a 1999b 2000a 2000b 2001a 2001b 2002a 2002b
Inpatient (%) 69 66 66 68 66 65 58 62
Outpatient (%) 27 32 34 32 34 35 42 38
Year 2003a 2003b 2004a 2004b 2005a 2005b 2006a 2006b
Inpatient (%) 67 64 68 66 61 48 61 57
Outpatient (%) 33 36 32 34 39 52 39 43
Year 2007a 2007b 2008a 2008b 2009a 2009b 2010a 2010b
Inpatient (%) 59 53 64 48 39 42 44 44
Outpatient (%) 41 47 36 52 61 58 56 56
Year 2011a 2011b 2012a 2012b 2013a
Inpatient (%) 34 41 28 37 39
Outpatient (%) 66 59 72 63 61
Letter ‘a’represents the first 6 months of the year and ‘b’ represents the last 6 months of the year
Table 2 Parameter values and ranges obtained from data fitting

Description Range Value Source
B The effective contact rate between users and susceptibles 0.10-0.21 0.105 year™! [15]
n The relative ability for outpatients to initiate new users 0-0.0099 0.009612 year™! Estimated
p Proportion of users recruited into inpatient rehab 0-1 0352 year™! Estimated
e The effectiveness of rehab 0-1 06080 year™! Estimated
o The rate at which users are recruited into rehab 0-0.05024 0.02827 year™' Estimated
8o The rate of quitting abuse for outpatients 0.001-1 0.01 year“ Estimated
81 The rate of quitting abuse for inpatients 0.01-1 0.3142 year‘w Estimated
01 Relapse rate for outpatients 0-0.054 0.0382 year*W Estimated
02 Relapse rate for inpatients 0-0.0235 0.0020 year*W Estimated
Vi Transfer rate from outpatient rehab to inpatient rehab 0-0.06012 0.02961 year™! Estimated
V) Transfer rate from inpatient rehab to outpatient rehab 0-0.008 0.003 year™! Estimated
I Recruitment rate into the susceptible population 0.028-0.080 0.04year™! [15]
u Natural death rate 0.019-0.021 0.020year™! [41]

MA methamphetamine

quadratic and Volterra-type functions, the metham-
phetamine-persistent steady state has been shown to be
globally asymptotically stable whenever the reproduction
number is greater than unity.

The least squares curve fit routine (Isqcurvefit) in Mat-
lab with optimization has been used to fit the model to
data on inpatient and outpatient rehabilitants with the
objective of using the model parameters that give the
best fit to obtain the incidence curve. We also used the
parameter values that give the best fit to plot a graph of
the ratio of inpatients to outpatients and as well predict
future proportions of inpatient and outpatient rehabili-
tants. The results suggest that the proportion of patients
admitted under inpatient rehabilitation facilities in Cape

Town will continue to decrease for the next five years
whereas that for outpatient rehabilitants will increase
for the next five years. The estimated proportion of inpa-
tient rehabilitants in specialist treatment centres of Cape
Town was observed to be approximately 31 % by the year
2018. Our estimated incidence of methamphetamine
abuse related to data on inpatient and outpatient reha-
bilitants was observed to be generally decreasing over the
years. However, it was noted that the estimated incidence
for methamphetamine abuse related to data on inpatient
rehabilitants had a sharp decrease as compared to that of
outpatient rehabilitants, suggesting that inpatient rehabil-
itation programs have an increased potential of positively
changing the lives of many methamphetamine addicts.
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The projections carried out show that the estimated inci-
dence for methamphetamine abuse related to data on
inpatient rehabilitants will have decreased down to below
7 % by the year 2018 and that of outpatient rehabilitants
will have decreased to below 11.5 % by the year 2018. The
study presented here is not exhaustive, it can be extended
to include stratification of the population according to
levels of methamphetamine use. Structuring the popula-
tion in such a way would give some other helpful insights
in studying the dynamics of methamphetamine abuse.
In addition, the model did not take into account contex-
tual dynamics, such as drug supply chains or changes in
interdiction. Incorporating these processes will undoubt-
edly facilitate in the understanding of methamphetamine
dynamics. Also, since the study focuses specifically on
methamphetamine abuse, the model dynamics may also
be affected by the availability and use of other drugs.
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